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ON ¢-REPRESENTATIONS

BY
D. KAZHDAN

ABSTRACT

For certain classes of groups we show that a map to the group of unitary
transformations of a Hilbert space which is “almost” a homomorphism is
uniformly close to a unitary representation.

V. Milman asked me the following question: Let p: O(n)— O(N) be a map
which is “almost” a representation, that is, |p(gg’)— p(g)p(g’)| is small for all
8,8 € O(N). Is it true that p is near to an actual representation of O(n)? This
paper is a particular answer to this question.

I want to express my gratitude to H. Furstenberg and B. Weiss for their very
helpful discussions, and especially to V. Milman for bringing my attention to this
problem.

After this paper was written it was called to the author’s attention that by
similar methods the result of Theorem 1 for compact groups was obtained in [1].

Let U be a topological group and d be a right invariant metric on U which
defines the topology of U. Let G be another topological group, R be a
continuous map p : G— U and ¢ >0 be a real number. We say that p is an
e-homomorphism if d(p(gg’), p(g)p(g")) = /2 for any g, g’' € G. Of course, for
any homomorphism 7 : G — U and a continuous map p: G — U such that
d{p(g), m(g))=¢e/4, p is an ¢-homomorphism. The following question arises
naturally: when is an ¢ -homomorphism p a small perturbation of a homomorph-
ism 7?

We start with an example. Let U be the additive group Z, of integral dyadic
numbers and d(u, u’)=|u —u’| where | | is the usual norm on Z,.
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ProrosiTiON 1. For any & >0 there exists a finite group G and an ¢-
homomorphism p : G — U such that for any homomorphism 7 : G — U we have

maxgecd(p(g), m(g)) = 1.

Proor. Take an integer n such that 1/n’ < ¢, take G = Z/2""'Z and define
the map p: G— U by p(g)=g§ where § € Z C Z, is the representative of g
such that 0= g <2"*'. It is clear that p is an e-homomorphism.

On the other hand U does not have any torsion. Therefore, the only
homomorphism 7 : G — U is = =0. The proposition is proved.

We restrict ourselves to some special special class of groups U with a metric to
get some positive results.

Let V be a Banach space. We denote by L(V) the ring of bounded linear
operators on V and by U(V) (or simply U) the group of isometries. L(V) has a
natural structure of a Banach space and U(V) acts on L(V) by conjugation
Ad(u)(A)=u"'Au for u € U, A € L(V). We denote by || | the norms on V
and on L(V) and define

duu) = lu—u'||  for uu' € U(V).

We will study e-morphisms G — U(V) which we call ¢-representations.

Let G be a topological group, and p : G — U be an e-representation.

We denote by C§ the Banach space of continuous bounded functions
¢ : G* — V with the norm

lel=sup [lc(gi, - gl
g EC

148

We denote by di: Ck— Ct*' the linear map given by
(dhc)(8r -+ 8er) = p(81)C (82 * Grur) + Zl (—D'c(g, -, 8&i+is """ 8kr1)

(=D ""c(gn, ", 8)
It is clear that

ldsodill=e

We say that an g-representation p is e-acyclic if for any ¢ € C} there exists
b € C5' such that |b||=||c| and |d5'b —c|=¢elc|+]dc|

Let B, be the Banach space of bounded continuous functions f: G — V with
the norm |f]| = sup,<o [If (8]l
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We denote by r: G — U(B,) the action of G on B, by right shifts and by
i:V— B, the imbedding given by i(v)(g) = p(g)v, v € V, g € G. We say that a
linear mapI: B, — Visan e-meanif |I|=1, Ici =Id and |[I°r(g)—p(g)I||=
¢ forany gE€G.

Lemma 1. If there exists an e-mean I on B, then p is e-acyclic.

Proor. Let I : C5— C;™' be a linear map given by

L) (g1 s 8eet) = 1(c(g 81"+ 8e))

where we consider c(g, g1, "+, g-1) as a V-valued function on G. Then
(d::_lc’Ik + Ik+1°d’;)(c)(gh Y 9 b c(g, ", 8)

=(p(g)eI)(c(g 82", 8))
+ 2 (DI85 8)
+(_ l)kI(C(g’ 81,0 gk—l))+l(p(g)c(g1’ Y gk))_ I(c(ggl’ 82 gk))

+'_22 (_ l)lI(C(g, . .’giflg“, “. ’,gk))+(_ 1)k+1I(c(g’gl, .. ',gk—l))

— C(gl, . ‘,gk)
=(p(g)°I)c(8, 82 > 8)— I(c(gg1, 82", &)+ I(p(g)c(gr, -+, &)
— C(gl, . ',gk)

=(p(g)° I —Ior(g))(c(g g, &)

Therefore ||df™" o L (¢)+ Lo d¥(c)—c|=¢]c].
Now define b = I,c. Then

lbli=llcll and |di"'b—cll=ellcl+dicl.

The lemma is proved.

LEMMA 2. If an e-representation p satisfies one of the following conditions:
(a) G is compact,

(b) G is an amenable group and V is a reflexive space,

(¢) G is an amenable group, V is the Banach space of bounded operators in a

Hilbert space H and p = Ad<§ for an ¢-representation p of G on H,
then there exists an e-mean on B,.
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PrOOF. (a) We define (If) ="' 5 p(g) 'f(g)dg where dg is the Haar measure
on G such that [sdg = 1. It is clear that |[I||=1 and I+i =1Id. Therefore, we
only have to check that [|p(g)eI —I°r(g)| < ¢ for any g € G. But

(Uore)i = | o @)iEa)s = [ o @si@)s
Therefore
lo(g)-If ~Tor(g)f|=maxlo(g)(g™)~p'(g’s™) foranyfEB,.

Since p is an e-representation, we have [|p(g)eI—Ier(g)|=e.

(b) Since G is an amenable group, there exists a continuous G-invariant
linear functional m on L*(G) such that m(1)=1 and |m| =1. For any f €B,
we define I(f) as an element in the double dual of V by I(f)(A)=""m(a,(g))
where a, (g)="'A(p(g)'f(g)). Since V is a reflexive Banach space, we can
consider I as a map from B, to V. Then

7= max |I(H= max (AT

€B,Jffi=1 B, Jf|=1
feB,JIft {é ﬁ{'{?{ﬂ

But [A(I(f))| = |m(a,(8))| = supsec |ar (&)= (A || f@)I=IIA[- I fI. Therefore
[I|=1. It is clear that Iei=Id and the proof of the inequality
lp(g)I —I-r(g)| = e is completely analogous to the one in (a).

(c) For any f€B, we first define a bilinear form I(f) on H by
I(f)(hi, ha) & m(an,n(g)) where ansl(g) © (F(8)5(g) " b1, (g) *ha). It is clear
that | I(f)(hi, ho)| = | f|l-| ||| h2]l for any h,, h, € H. Therefore, our bilinear
form I(f) defines a bounded linear operator I(f) on H and | I(f)|=||f|. It is
now easy to check that I: B, — V is an g-mean. Lemma 2 is proved.

THEOREM 1. Let G be an amenable group and p:G— U be an -
representation of G into the group U of unitary transformations of a Hilbert
space H for ¢ <1/100. Then there exists a representation  : G — U such that
l6(®)-m(&)l=¢ for all g €G.

We start with the following result.

PROPOSITION 2. Suppose that p satisfies the conditions of the theorem. Then
there exists an g-representation p,:G—U for & =5¢> such that
16(8)—pi(®)lI= e/2+ e

PROOF OF THE PROPOSITION. Let V be the space of bounded linear operators
on H. We denote by p the ¢-representation of G on V given by p = Ade j. For
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any g,g'€ G we define W(g,g")€ U by p(g)p(g")= W(g,8")p(gg")- By the
assumption ||W(g,g")—1d|=¢/2. We now compute the triple product

p(81)5(82)p(g5) in two ways.
P (815 (82)5(83) = W(g1, 8205 (8182)5(83) = W(81, 82) W(8182, 8:)P(§18285)-
On the other hand
p(81)5(82)p(83) = p(81) W(82, 8:)P(828>)
= p(8:)(W(82,85))p(81)5 (8:85)

= p(g)(W (g2, 83)) W (g1, 8285)5(818285)-
Therefore

(*) W(g1, 82)W(8182, 83) = p(8)(W (82, 83)) W(g18:85)-
For any u € U such that ||u —Id|| <1 we define
Inu = 2 (—1)"“‘“7' .
i=1
LemMA 3. Let u,u'€U be such that |u—1d||, ||u'—1d|=€/2. Then
in(uu")— (Inu +Inu’)| =< %2 for ¢ <1/100.

Proof. Clear.

We define an element o in C; by a(g,g')=InW(g,g"). It is clear that
lla||= &/2 + £%/2. It follows from (*) and Lemma 3 that || d 2« || = £2. Therefore by
Lemma 2(c) there exists b € C} such that |b||=e/2+¢%/2 and [|d'b — a || =222
It is easy to see that a(g, g’') and b(g) are skew Hermitian operators.

We now define the map p,: G — U by pi(g) =exp(b(g))p(g). It is clear that
lo(g)—pi(g)ll=e/2+ &* for any g € G and

p1(88") " P:(8)p:(8")
=p(gg’) 'exp(—b(gg")expb(g)i(g)expb(g)i(g)
=p(g")'p(8) " Wi(g g")exp(—b(gg"))expb(g)exp(p(g)b(g))p(g)p(g")-
Therefore

15:(88") — p1(8)p(8")l
=(5:(88")"5:(8)h:(g") — 1d|
=|lexp(a(g, 8"))exp(— b(gg ) exp(b(g))exp(p(g)b(g") — 1d|
=llexp(a(g. g")~b(gg") + b(g)+p(g)b(g"))—1d+ 3|
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where ||8|| =3¢ So || 5:(gg") — p1(g)p:(g")|| = 5¢* for all g, g’ € G. Proposition 2
is proved.

We now can prove Theorem 1, Let 5 : G — U be an ¢-representation of an
amenable group G. Let ¢,, n =0 be a sequence defined by e0=¢, ¢, =5¢7;.
We inductively define &,-representations p. of G by successive applications of
Proposition 2. It is clear that &, = ¢/3" and that ||p.(g)— p.—i(g)]| = €/3" for
n >1 and any g € G. Therefore the sequence p,(g) € U is convergent for any
g € G. Define

7(g) = lim 4. (g).

It is clear that #: G — U is a representation of G and

ln@) - @)= 3 16 @)~ @)l =

Theorem 1 is proved.

Let X be a Riemannian surface of genus 2 and I' be the fundamental group of
X. We will show that for any & >0 there exists a finite-dimensional ¢-
representation g : I'— U(N) such that for any representation 7 : I'— U(N) we
have super|5(g)— m(g)| > 1/10.

We start with the following observation. Fix any integer N and denote by
D CU(N) the set of u €U such that [[u —Id||<1, and denote by ¢ the
continuous function on D given by

e(u) = 2—:7_7 Trinu.

Define D'= D N SU(N).
Lemma 4. ou)EZ foranyu'€D’.

ProOF. As is well known exp(2wip(u)) =detu for any u € D. Therefore
exp(2mig(u’))=1 for any u' € D’. The lemma is proved.

COROLLARY. Define Dy=¢ '(0)C D', D'=D’—D|. Then D{ and D’ are
open and closed subsets of D'.

REMARK. Itis easy to see that D is the connected component of Id in D’.
Let u, v be the elements of U(N) and w = uvu'v".

Lemma 5. If |w—1d[|<1/5 and w € D’ then forany u’, v' € U(N) such that
lu—ull, |lo-0v'|<V5 u'v'#o'u'.
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ProoF. Define u(t), v(t) €U, 0=t =1 by
u(t) E uexp(tin(u'u’)),  o(t)=vexp(tIn(v'v").

It is clear that u(t), v(t) are continuous maps from [0, 1] to U(N), u(0)=y,
u()=u', v =v, v(1)=0" and |u@®)—ull, |v@)-vl<1/5 for 0=t =1.
Define w(t) = u(t)v(t)u(t) 'v(t)™". It is clear that w(t) is a continuous map from
[0,1]) to D'. Since w(0)=w € D’ we have w(1) = u'v'u’"'v'"* € D'. The lemma
is proved.

We will need a slight generalization of this result. Let u;, 1 =i =4 be elements
of UN) and w = uu,u7'uz'ususus'u;'. Assume that |w —1d||<1/10 and
weD'.

LemMA 5. Foranyu,€ U(N),1=i =4 suchthat |u; —u}|<1/10,1=i =4

we have uiuiu! ™ us  winiui u # Id.

Proor. The same.

Now consider our group I'. It can be realised as a torsion-free co-compact
subgroup of SL(2, R). Let S be the upper half plane which we consider as a
Lobachevsky plane. SL(2, R) naturally acts on S and I is the fundamental group
of X =T\S. Let w € Q*(S) be the SL(2, R )-invariant differential form on S such
that [x@ = 1. As w is '-invariant we can consider it as a two-form on X. Then w
represents a generator a of H*(X, R). By standard arguments we can identify
H*(X, R) with HX', R). Fix s, € S and for any g, g’ €I" we denote by c(g,g")
the oriented area of the triangle with vertices (so, g50, §'5o) in respect to w. The
following result is well known.

LEMMA 6. c¢(g, 8') is a 2-co-cycle on T which represents a.

The cohomology class a € H*(I', R) corresponds to a central extension of I'
0—R—[x—I—0

and there exists a map 8:I'—>Ty such that wo5=Id and 8(gg)=
c(g,g')- 8(g)5(g’) where we identify R with a subgroup in Tx.

Since fxw =1 our class a lies in the image of H*(T', Z). Therefore, there
exists a subgroup I'C I such that #(f)=T and ' N R = Z. For any % €[ we
denote by [¥] the unique element in I' such that ¥ =a -[§] where a ER,
0=a <1. We denote by 8’ the map 8’ : I'—T given by 8’(g) =[6(g)], g ET and
define c'(g, g') by 6'(g8')=¢'(8, 8)8'(g)8'(g") for g, g’ €T.
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Lemma 7. ¢'(g,g)EZ and |c'(g,g')|=3 for g, g'€T.

PrOOF. The first statement follows from the equality R N T = Z. To prove
the second one we observe that the area of any triangle in S is =1/2 and
therefore | c(g, g’)| = 1/2. The statement of the lemma now immediately follows
from the definition of the co-cycle ¢'.

THEOREM 2. For any € >0 there exists a finite dimensional ¢-representation
p :I'— U(N) such that for any representation 7 :I'— U(N) one has

sup l5(g)— = (g)ll=1/10.

ProOOF. Asis well known I' is a group generated by four generators i, v, ¥s,
v+ and one relation y,y.yi'y:'ysysys'yi' =e. The central extension I is
generated by five generators ¥,, ¥., ¥s, ¥, 0 and relations %0 = 6y, 1 =i =4
and 0 = 19,97 92'9s9475' ¥". The projection 7w : I'—>T' maps ¥ to y;, | =i =4
and 7(0) =e. We will identify # with the generators of the center Z in I

Assume that ¢ <1/10 and fix N such that N >3/e. Let  =exp(2#i/N),
A CU(N) be the diagonal matrix with elements au =7n*, 1=k =N and
B =(b;)C U(N) be the matrix given by

{1 if i —j =1 (mod N),
0 otherwise.
It is clear that ABA'B~" = 5 Id. Let o : T'— U(N) be the representation given
on generators by o(¥:1) = A, 0(¥2) =B, a(¥:) = o(¥)=1d, o(8)=n1d.

It is clear that all relations are satisfied and therefore the representation
o :T—U(N) is well defined. We now define the map p:I'— U(N) by
p=0c0°8'". Then

p(gg') = o(8'(gg") = o (8°**°8(g)- 8'(8") = n""**p(8)p(g").

Therefore [|5(g8") — 5 (8)5(8)f (8"l =|m°**>~1|. Since |¢'(g,g")|<3 and N >
3/e we see that p is an e-representation of T

Now let w:I'> U(N) be any representation. We apply Lemma 5’ to
w =" o), ui=""w(y), 1=si=4.

Then w =7 1d and ¢(w)=1. On the other hand v,y,yi'yz'ysy.y3'yi' =e
and therefore uiusui™ u; "usuiui'u;™ = Id. It now follows from Lemma 5’ that
maxX;si=«|| s — u'f| = 1/10. Theorem 2 is proved.
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